In the present paper, we derive a closed-form solution of the multi-period portfolio choice problem for a quadratic utility function with and without a riskless asset. All results are derived under weak conditions on the asset returns. No assumption on the correlation structure between different time points is needed and no assumption on the distribution is imposed. All expressions are presented in terms of the conditional mean vectors and the conditional covariance matrices.
Introduction
Nowadays, the portfolio selection problem plays an important role in financial research. A number of papers are devoted to questions like, e.g., how an optimal portfolio can constructed, monitored, and/or estimated by using historical data (see, e.g., Alexander In a seminal paper from 1952 H. Markowitz presented the idea of an optimal portfolio selection by taking into account the trade-off between the portfolio expected return and its risk which is measured by the portfolio variance. The idea of Markowitz's approach is to minimize the portfolio variance for a given level of the expected return. This method is equivalent to the so-called mean-variance utility maximization problem. Although the suggested methodology is quite simple, it provides us the most commonly used solution of the single-period (static) portfolio choice problem that remains very popular today (see, e.g. Brandt (2010) ).
Although the case of a long-term investment horizon is of greater importance in practice much less has been done in that area. The first formulation of the multi-period portfolio selection problem has already been given in the book of Markowitz (1959) followed by the papers of Mossin (1968) , Samuelson (1969) , Merton and Samuelson (1974) . Although it is heavily discussed in recent literature (see, e.g., Li and Ng (2000) , Steinbach (2001) We contribute to the existing literature by deriving the closed-form solution of the dynamic portfolio choice problem with and without a riskless asset under rather weak assumptions.
The only conditions imposed on the distributions of the asset returns are the existence of the conditional mean vectors and of the conditional covariance matrices. No assumptions about the correlation structure between different time points or about the distribution of the asset returns, like normality, are needed. The suggested method can be applied for both stationary and nonstationary stochastic models. The results are obtained assuming that the investor makes his decision on the basis of the quadratic utility function. This is one of the most commonly used procedures since the paper of Tobin (1958) where it is shown that the Bernoulli principle is satisfied for the mean-variance solution only if one of the following two conditions is valid: the asset returns are normally distributed, which is rarely the case in application, or the utility function is quadratic. On the other hand, the quadratic utility function is usually considered as a good approximation of the other utility functions (cf. Brandt et al. (2006) ). Moreover, under the additional assumption of independence we show that at each time point the optimal multi-period portfolio weights can be presented in a similar way as the optimal single-period portfolio weights. Both representations differ in the coefficient of risk aversion. Finally, if the asset allocation is based on the tangency portfolio we prove that the solution of the multi-period portfolio selection problem is the same as that obtained by solving the single-period problem at each time point.
In an empirical study we apply the obtained results to real data by comparing the performance of the suggested strategies with existing multi-period portfolio allocation methods. It is shown that the multi-period portfolio strategies based on the approximative solutions perform very well for different values of the coefficient of risk aversion and different investment periods.
The rest of the paper is organized as follows. In Section 2, we introduce the multi-period portfolio choice problem for a quadratic utility function without a riskless asset. The main results of this section are given in Theorem 2.1 (Section 2) where a closed-form solution of the optimal portfolio weights is given. In Corollary 2.2 we present the results of Theorem 2.1 in terms of the classical one-period Markowitz's solution for independent observations. In Section 3, the solution of the multi-period portfolio selection problem for a quadratic utility function with a riskless asset is presented (see Theorem 3.1). As in the case without a riskless asset the solution for independent returns is proportional to the solution of the corresponding single-period problem at each time point. The process dynamics exclusively influence the proportionality constant (Corollary 3.2). A very interesting result is obtained for the tangency portfolio. In Theorem 3.3 we prove for independent returns that the multi-period portfolio selection problem for the tangency portfolio is equivalent to a sequence of the single-period problems. The same solution is obtained in both cases. Because the tangency portfolio is, usually, considered as a market portfolio (see, e.g. Britten-Jones (1999)) in capital asset pricing theory the obtained result is of great importance for practitioners. The findings of the empirical studies are presented in Section 4. The paper concludes in Section 5. All proofs are given in the appendix (Section 6).
2 Multi-Period Portfolio Choice Problem for a Quadratic Utility Function: Without Riskless Asset
In this section we derive a closed-form solution of the multi-period portfolio choice problem with k risky assets for the case of a quadratic utility function. Let X t = (X t,1 , X t,2 , . . . , X t,k ) denote the vector of the returns of k risky assets and let E(X t |F t−1 ) = µ t and V ar(X t |F t−1 ) = Σ t . F t denotes the information set available at time t. Σ t is assumed to be a positive definite matrix.
Note that for deriving the closed-form solution of the multi-period portfolio selection problem in the present case we need neither any assumption on the correlation structure between different time points nor any distributional assumption. It is only demanded that the conditional covariance matrix of the asset returns exists. The solution exclusively depends on the conditional mean vector and the conditional covariance matrix. These quantities can be calculated depending on the underlying model of the asset return process. For instance, if the investor assumes that the asset returns follow a vector ARMA-GARCH process then the expressions for the conditional mean vector and the conditional covariance matrix can be directly obtained by applying the well-developed theory of the multivariate autoregressive processes and the multivariate conditionally heteroscedastic autoregressive processes (see, e.g., Brockwell and Davis (1991) , Engle (1982 Engle ( , 2002 , Bollerslev et al. (1988) , Bauwens et al. (2006) ).
Let w t = (w t,1 , w t,2 , . . . , w t,k ) denote the vector of portfolio weights in period t. Note that w t 1 = 1 where the vector 1 denotes a k-dimensional vector whose components are all equal to 1. Then the wealth of the investor at time t is given by
we make use ofX t instead of X t for simplifying the presentation of the obtained results. In this section, we deal with an investor who invests his money exclusively into k risky assets and whose investment strategy is based on the quadratic utility function given by
where α > 0 is the slope parameter of the quadratic utility function. The corresponding relative risk aversion coefficient (RRA) is given by
specifies the attitude of the investor toward risk. Brandt and Santa Clara (2006) considered γ t as a constant obtained by substituting W t = 1 in (3). We follow this procedure in the empirical part of the paper by choosing the value of α in the definition of the utility function (2) in such a way that γ ∈ {5, 10, 15, 20}.
The portfolio is allocated at time point 0 and thereafter reconstructed at time 1, . . . , T − 1.
The planning horizon contains T periods. The investor gets his reward after the final period at time T . The aim of the investor is to maximize his final utility of wealth at time point T , i.a.
An important property of the optimal weights is shown in Corollary 2.2 that is proved in the appendix as well. Here, it is shown that under the assumption of independence the optimal weights have the same structure as the ones that are obtained by solving the single-period portfolio selection problem at each time point with the common quadratic utility function given by max µ t w − α 2 w Σ t w subject to w 1 = 1 .
In the following we use the notations
Corollary 2.2. Let X τ = (X τ,1 , X τ,2 , . . . , X τ,k ) , τ = 0, . . . , T , be a sequence of the independently distributed vectors of k risky assets and let E(X τ ) = µ τ and V ar(X τ ) = Σ τ where Σ τ is positive definite. Then for all t = 1, . . . , T the optimal multi-period portfolio weights for the period T − t are given by
with
and α −1
with (20)
The results of Corollary 2.2 are similar to those of Li and Ng (2000) who solved the multiperiod portfolio-selection problem assuming that the asset returns are independent. Corollary 2.2 states that for solving the multi-period portfolio selection problem with the quadratic utility function (2) it is enough to solve the single-period problem given in (17) at each time point t ∈ {0, 1, ..., T − 1} and then to make an adjustment in the expression for the coefficient of the investor's risk aversion α. It is very remarkable that the optimal weights at time T − t only depend on the mean vector and the covariance matrix at time T − t + 1 and the risk aversion α T −t+1 . The mean vectors and the covariance matrices at time points τ > T − t + 1 have an influence on the optimal weights only over the quantity α T −t+1 .
Because in the case of the single-period portfolio selection problem the solution of (17) lies on the efficient frontier where α specifies the location of the optimal portfolio within the efficient frontier, the same behavior can be observed in the case of the multi-period portfolio allocation problem. The only difference is that the efficient frontier is time-varying since the mean vectors µ τ and the covariance matrices Σ τ are used for its construction. Then the optimal portfolio is obtained by choosing α τ as specified in Corollary 2.2. In the special case when the process {X τ } consists of independent observations with time-invariant mean vector and time-invariant covariance matrix the efficient frontier remains the same during the whole investment period.
Nevertheless, the optimal portfolio obtained by solving the multi-period portfolio selection problem is time-varying because α τ is a function of future wealths and it is not constant.
Hence, in the case of investing exclusively into risky assets and the solution of the multiperiod portfolio selection problem for the quadratic utility function is not equivalent to the solution of the corresponding T single-period allocation problems. Even if we assume that {X t } consists of independent observations and the mean vector and the covariance matrix are constant during the investment period, the risk aversion is time-varying.
The results of Corollary 2.2 possess another important application. Using the relationship between the mean-variance utility optimization problem (17) and the Makowitz optimization problem we get the formulation of the later in the multi-period case. At time point T − t it is given by min w Σ T −t+1 w subject to (21)
,
3 Multi-Period Portfolio Choice Problem for a Quadratic Utility Function: With Riskless Asset
In this section we present a closed-form solution of the multi-period portfolio selection problem with k risky assets and one riskless asset. Let X t be the random return vector containing of k risky assets as defined in Section 2 and let r f,t be the return of the riskless asset at time t. Let w t = (w t,1 , w t,2 , . . . , w t,k ) denote the vector of portfolio weights in period t invested into the k risky assets. Then the evolution of the investor's wealth is expressed as
where R f,t = 1 + r f,t andX t = X t − r f,t 1. The conditional mean vector ofX t isμ t = µ t − r f,t 1
and its conditional covariance matrix is given by Σ t . In this section we consider an investor who invests into k risky assets and one riskless asset with the investment strategy based on the quadratic utility function given in (2) . The optimization problem is given by
The problem (23) is solved recursively by applying the following Bellman equation at time
= max
for t = 1, . . . , T . Note that for t = 0 the equality (7) holds.
As in Section 2, we first derive the closed-form solution for the weights at period T −1. After that the general solution is derived (see Theorem 3.1). At time point T − 1 the application of (7) leads to
LetȂ T = Σ T +μ Tμ T . Because
we get
The first order condition for the period T − 1 is
This leads to the following expression of the portfolio weights for the period T − 1
TμT .
In Theorem 3.1, the optimal multi-period portfolio weights are presented. The proof of the theorem is given in the appendix.
. . , T , be a random return vector of k risky assets, let r f,τ be the return of the riskless asset, and let E(X τ |F τ −1 ) = µ τ and V ar(X τ |F τ −1 ) = Σ τ where Σ τ is positive definite. Then for all t = 1, . . . , T the optimal multi-period portfolio weights for period T − t are given by
ands
As in the case without a riskless asset the expression of the optimal portfolio weights for each period T − t looks like the solution of the single-period portfolio selection problem at time point T − t. In Corollary 3.2, a stronger result under the assumption of independence is proved, namely that the obtained weights are proportional to the weights obtained by solving
. . , T , be a sequence of the independently distributed vectors of k risky assets, let r f,τ be the return of the riskless asset, and let E(X τ ) = µ τ and V ar(X τ ) = Σ τ where Σ τ is positive definite. Then for all t = 1, . . . , T the optimal multi-period portfolio weights for period T − t are given by
where
Corollary 3.2 shows that the solution of (23) 
as well. Then, it holds for the i-th component ofμ * 
Similar results are obtained for (30) . Here, it holds that
Hence, if |σ T −t+1,ij | and M SE T −t+1,i are relatively small for all i, j = 1, ..., k we get the following approximation
Finally, we note that η T = 1 and
Putting (37) and (38) together we obtain the following approximation for the weights
The approximation (39) can be used for arbitrary models of the asset returns for which |σ T −t+1,ij | and M SE T −t+1,i are relatively small for all i, j = 1, ..., k. Moreover, this approximation becomes an exact one if the asset returns are independently distributed as it is shown in Corollary 3.2.
Very interesting results can be obtained for the tangency portfolio as well (see, e.g. Ingersoll 
. . , T , be a sequence of the independently distributed vectors of k risky assets, let r f,τ be the return of the riskless asset, and let E(X τ ) = µ τ and V ar(X τ ) = Σ τ where Σ τ is positive definite. Then for all t = 1, . . . , T the tangency portfolio weights for period T − t are given by
Theorem 3.3 shows that for the tangency portfolio the multi-period portfolio selection problem is equivalent to the single-period allocation problem solved at each time point T −t. Because the tangency portfolio is, usually, considered as a market portfolio in the single-period allocation problem (see, e.g., Britten-Jones (1999)), it can also be treated as a benchmark portfolio in the multi-period case, provided that the asset returns are independent.
Empirical Illustration
In this part of the paper we apply the results of Section 3 to real data. In the first example we deal with the multi-period portfolio selection under return predictability. In this subsection a model presented by Brandt and Santa-Clara (2006) is applied and approximative expressions to those presented in Theorem 3.1 are analyzed. In the second empirical illustration we consider an investor who attends to invest into the international portfolio consisting of five developed stock markets, namely Belgium, Germany, Japan, the UK, and the USA. The approximative solutions of multi-period portfolio selection problem are obtained in this case as well.
The investment strategy based on equation (39) As a first benchmark strategy of the multi-period portfolio selection we consider an investor who chooses the global minimum variance (GMV) portfolio which in the present situation is calculated by the time-invariant weights expressed as
Because the same proportions of the wealth are invested into each stock at each time point we consider this portfolio as a myopic strategy.
We also compare the results obtained by using the predictive loss approximation to the expression of the weights presented in Theorem 3.1 with two other benchmark strategies in the case with a riskless asset. The first strategy is known as a partial myopic strategy, i.e. the whole wealth is invested into the riskless asset. This strategy was suggested by Mossin (1968) who derived conditions under the utility function under which this strategy is optimal in the case of the portfolio consisting of one stock and the riskless asset. A further considered benchmark method is one suggested by Brandt and Santa Clara (2006) that is based on the assumption
where z t is the vector of predictable variables taken at time point t. We refer to this portfolio strategy as the BSC strategy. In the empirical illustration, Brandt and Santa Clara (2006) argued that the solution of the multi-period portfolio selection problem based of this approach is very close to the one obtained from the simulation approach applied to the dynamic portfolio 
Multi-Period Portfolio Selection under Return Predictability
In this section we deal with the multi-period portfolio selection problem assuming that the asset returns are predictable. This is one of the most commonly used approach applied for modeling the time series properties of the asset returns (see, e.g. Campbell 
Note that the model (43) can be presented as a vector autoregressive process of order 1. Let
withε ε ε t ∼ N (0,Σ). Thus, for X t we get an autoregressive representation with
where I is a 2 × 2 indentity matrix and 0 is a 2 × 1 vector of zeros. Consequently, X t |F t−1 ∼ N (µ t , Σ). We are interested in the conditional mean vector and in the conditional covariance matrix of X t given F t−1 . Note that
Inserting (47) in (39) leads to the weights of the LAMPS strategy. In similar way the weights of the other multi-period portfolio strategies are calculated.
We compare the performance of the above derived strategies with each other via an exten-sive simulation study based on 10 5 independent repetitions. Multi-period portfolio strategies are constructed for T ∈ {6, 12, 18, 24} and α ∈ {0.833, 0.909, 0.937, 0.952}. The values of α correspond to γ ∈ {5, 10, 15, 20} which are also used in Brandt and Santa Clara (2006). Table 1 : Medians and median absolute deviations (MAD, in parentheses) of the expected quadratic utility for the LAMPS, the multi-period GMV, the partial myopic, and the BSC strategies in the case of data from the example of Brandt and Santa Clara (2006).
In Table 4 .1 we present the median of the expected utility functions for the considered values of γ and the investment horizon T . In each block the strategies order is the LAMPS, multi-period GMV, partial myopic, and BSC. In the parentheses the median absolute deviation It follows from the fact that in this case for a fixed value of W the probability to obtain stochastically larger value is the largest one, i.e. with the higher probability larger values of the expected utility are attained. Because the partial myopic strategy is based on investing into a riskless asset it is a deterministic strategy and it's distribution function is a step function.
The position of the given index is used for comparing the dynamic portfolio strategies. This criterion is based on the maximum probability of exceeding the utility of the partial myopic portfolio.
In Figure 4 .1 we observe a very good performance of the LAMPS and BSC strategies, especially for smaller values of γ and T . If γ increases then the probability of overperforming the partial myopic strategy decreases. It is always small for the GMV approach. For this method it is less than 40% for larger values of γ and T , while it is very large for the LAMPS strategy (about 80%).
Multi-Period International Optimal Portfolio
We consider an investor who invests into an international portfolio consisting of the capital markets indices of five developed stock market, namely Belgium, Germany, Japan, the UK, 
We obtain 
It is noted that the last column of the matrix Φ has the largest values. It shows that the influence of the US market on the return indices is larger than those of the domestic ones. Next, calculate the weights of the three multi-period portfolio strategies (LAMPS, GMV, and partial myopic) as already described in Section 4.1. We exclude the approach of Brandt and Santa Clara in this study since there is no predictable variable within the model (49). We choose γ ∈ {5, 10, 15, 20} and T ∈ {4, 8, 12, 16}.
In Table 4 .2 we present the medians and the mean absolute deviations for the expected utilities obtained via a simulation study with 10 5 independent repetitions of the autoregressive process (48) with parameters (49). The results are similar to those of Section 4.1. We observe a very good performance of the LAMPS strategy which turns out to be the best one. On the second place the partial myopic strategy is ranked followed by the multi-period GMV portfolio. Next we want to present a further example. Now the return of the US market index is used as a predictable variable and an investment into four other capital market indexes is considered.
This example is motivated by economic theory -the influence of the US market may be larger than of the domestic one, and it is justified in the structure of the matrix Φ (cf. (49)). In this example all of the above described strategies are analyzed.
In Table 4 .3 we present the medians and the MADs of the expected utilities. A very good performance of the LAMPS multi-period portfolio strategy is observed. This approach is ranked on the first place. A much worse performance can be observed for the partial myopic strategy, for the multi-period GMV portfolio, and for the BSC method which can be ranked on the second, third, and fourth places. Table 3 : Medians and median absolute deviations (MAD, in parentheses) of the expected quadratic utility for the LAMPS, the multi-period GMV, the partial myopic, and the BSC strategies in the case of weekly MSCI data for the period from the 4th of January, 2002 to the 4th of December, 2009. The investment into the four countries (Belgium, Germany, Japan, and the UK) are considered, while the returns of the USA market are used as a predictable variable.
The same ranking is also observed in Figure 4 .6 where T = 12 is used. It has to be emphasized that the LAMPS strategy overperforms the partial myopic strategy with probability almost 1 for all of the considered values of γ, while the multi-period GMV portfolio and the BSC method are really bad. 
Summary
Although in 1959 Markowitz has already formulated the multi-period asset allocation problem, no closed-form solution is available in literature up to now. Brandt and Santa Clara (2006) provided an analytical solution by imposing some constraints on the structure of the portfolio weights and, thus, by transforming the multi-period portfolio selection problem with timedependent weights into a more simpler one where the matrix of time-independent constants has to be calculated at the beginning of the investment horizon. Moreover, note that the approach may lead to a local maximum and not a global one.
In the present paper, we derive a closed-form solution of the multi-period portfolio selection problem with and without a riskless asset which is obtained under weak conditions on the process of the asset returns. The expressions of the optimal portfolio weights are based only on the conditional mean vectors and the conditional covariance matrices. Moreover, under the additional assumption of independence they are similar to the solutions of the single-period optimization problems that are performed at each time point. We prove that only the coefficient of the shape parameter depends on the dynamics of the asset returns in the case without a riskless asset. In the presence of a riskless asset the solutions of the multi-period problem and of the sequence of simple-period problems are proportional where only the coefficients of proportionality depend on the process dynamics. A very remarkable result is obtained for the portfolio selection problem based on the tangency portfolio. Assuming independent returns it is proved that the solution of the multi-period problem and the solutions of the simple-period problems are the same.
The derived multi-period portfolio choice strategies are compared with the existing methods proposed in literature for two real data sets. The first data are taken from the paper of Brandt and Santa Clara (2006), while the returns of five developed stock market indices are used in the second example. We observe a very good performance of the predictive loss approximation of the multi-period strategy in case with a riskless asset which is always ranked on the first place.
The obtained results can be further extended by allowing the intermediate consumptions.
This can be done without any large effort by slightly modifying the weights of Theorems 2.1, 3.1 and 3.2.
Appendix
In this section the proofs of the theorems are given.
Proof of Theorem 2.1:
First, we note that the expression of the optimal weights at period T − 1 is given in (11) . The rest of the proof is done by using the mathematical induction on the expressions of the portfolio weights and the value function. Let
Moreover, let
Note, that
Let w * T −1 be the optimal portfolio weights calculated for period T − 1 given in (11) . First, we calculate the value function for period T − 2. It holds that
Using the definitions of R i , V i ands i we obtain
The last expression is similar to the value function at period T − 1 (cf. (9)). Hence, the optimal weights w * T −2 are given by
As a result, the following expressions are the basis of the induction
with F (s T ) as defined in (52).
In the induction hypothesis we assume that the statement holds for t = n, i.e.,
Note that the last quantity does not depend on w T −n . In the inductive step we prove that the last identities also hold for t = n + 1. It is sufficient to derive the value function for period T − (n + 1) which is given by
Hence, we obtain
It is the desired form of the value function at period T − (n + 1). Because this expression is similar to the value function at period T − n, we get the following formula for the weights at period T − (n + 1)
The theorem is proved.
For proving Corollary 2.2 we use the result of Proposition 6.1.
Proposition 6.1. Let X be a random vector with mean µ and positive definite covariance matrix Σ. Let A = Σ +μμ withμ = µ + 1. If
and
(1 +μ Σ −1μ
Proof of Proposition 6.1:
From (55) we obtain
In order to prove the proposition we need to show that (54) can be expressed in the same way. The application of the Sherman-Morrison formula (Harville (1997, Theorem 18.2.8)), i.e.,
leads to
From the structure of (57) and (59) we get
For proving the proposition we only need to show the equality of the coefficients in front of Σ −1 1 in (57) and (59). It holds that
The last identity completes the proof.
Proof of Corollary 2.2:
Under the assumption of independence it holds that
Let R T +1 = V T +1 = 1. Then,
where the last identity follows from the definition of R T −t+2 and V T −t+2 given in (16) .
The rest of the proof follows from Proposition 6.1 if Σ is replaced by Σ T −t+1 ,μ byμ T −t+1 andα
The last expression is obtained by applying the Sherman-Morrison formula. At last, we recall Q T −t+1 1 = 0 and get (18) . Thus the corollary is proved.
Proof of Theorem 3.1:
The expression of the optimal weights at period T −1 is given in (28) . The rest of the theorem's statement is proved by using the mathematical induction on the expressions of the portfolio weights and the value function. We use similar notations as in the proof of Theorem 1. Let
ands i =μ * iȂ −1 iμ * i for i = 2, ..., T . Let w * T −1 be the optimal portfolio weight calculated at period T − 1 in the case of a riskless asset as expressed in (28) . First, we calculate the value function at period T − 2. It holds that
Using the definition ofs T we obtain The last expression is similar to the value function at the period T −1. Hence, it is maximized on the weights w
In the induction hypothesis we assume that the statement holds for t = n, i.e., In the inductive step we prove that the last identities also hold for t = n + 1. It is sufficient to derive the value function for period T − (n + 1) which is given by where F (s T , . . . ,s T −n+1 ) = F (s T , . . . ,s T −n+2 ) + 1 2
It is a desired form of the value function at period T − (n + 1). Because this expression is similar to the value function at period T − n, we get the following formula for the weights at period T − (n + 1) R f,i leads to the expression given in the statement of Theorem 3.1.
The theorem is proved. with γ −1 =γ
Proof of Proposition 6.2:
The application of the Sherman-Morrison formula, i.e., 
Then the statement of the corollary follows from Proposition 2 if Σ is replaced by Σ T −t+1
andμ byμ T −t+1 , and
Proof of Theorem 3.3:
The results of Theorem 3.3 follow Theorem 3.1 and the application of the Sherman-Morrison formula.
